Abstract. We study G-valued semi-stable Galois deformation rings where G is a reductive group. We develop a theory of Kisin modules with G-structure and use this to identify the connected components of crystalline deformation rings of minuscule p-adic Hodge type with the connected components of moduli of "finite flat models with G-structure." The main ingredients are a construction in integral p-adic Hodge theory using Liu's theory of (ϕ, G)-modules and the local models constructed by Pappas and Zhu. is understanding local deformation conditions at ℓ = p. In [20] , Kisin introduced a ground-breaking new technique for studying one such condition, flat deformations, which led to better modularity lifting theorems. [22] extends those techniques to construct potentially semistable deformation rings with specified Hodge-Tate weights. In this paper, we study Galois deformations valued in a reductive group G and extend Kisin's techniques to this setting. In particular, we define and prove structural results about "flat" G-valued deformations. Let G be a reductive group over a Z p -finite flat local domain Λ with connected fibers. Let F be the residue field of Λ and F := Λ[1/p]. Let K/Q p be a finite extension with absolute Galois group Γ K and fix a representation η : Γ K → G(F). The (framed) G-valued deformation functor is represented by a complete local Noetherian Λ-algebra R G,η . For any geometric cocharacter µ of Res (K⊗ Qp F )/F G F , there exists a quotient R st,µ η (resp. R cris,µ η ) of R G,η whose points over finite extensions F ′ /F are semi-stable (resp. crystalline) representations with p-adic Hodge type µ (see [1, Theorem 4.0.12]).
1. Introduction 1.1. Overview. One of the principal challenges in the study of modularity lifting or more generally automorphy lifting via the techniques introduced in Taylor-Wiles [40] is understanding local deformation conditions at ℓ = p. In [20] , Kisin introduced a ground-breaking new technique for studying one such condition, flat deformations, which led to better modularity lifting theorems. [22] extends those techniques to construct potentially semistable deformation rings with specified Hodge-Tate weights. In this paper, we study Galois deformations valued in a reductive group G and extend Kisin's techniques to this setting. In particular, we define and prove structural results about "flat" G-valued deformations.
Let G be a reductive group over a Z p -finite flat local domain Λ with connected fibers. Let F be the residue field of Λ and F := Λ[1/p]. Let K/Q p be a finite extension with absolute Galois group Γ K and fix a representation η : Γ K → G(F). The (framed) G-valued deformation functor is represented by a complete local Noetherian Λ-algebra R G,η . For any geometric cocharacter µ of Res (K⊗ Qp F )/F G F , there exists a quotient R st,µ η (resp. R cris,µ η ) of R G,η whose points over finite extensions F ′ /F are semi-stable (resp. crystalline) representations with p-adic Hodge type µ (see [1, Theorem 4.0.12] ).
When G = GL n and µ is minuscule, R cris,µ η is a quotient of a flat deformation ring. For modularity lifting, it is important to know the connected components of Spec R cris,µ η [1/p] . Intuitively, Kisin's technique introduced in [20] is to resolve the flat deformation ring by "moduli of finite flat models" of deformations of η. When K/Q p is ramified, the resolution is not smooth, but its singularities are relatively mild, which allowed for the determination of the connected components in many instances when G = GL 2 [20, 2.5.6, 2.5.15]. Kisin's technique extends beyond the flat setting (for µ arbitrary) where one resolves deformation rings by moduli spaces of integral p-adic Hodge theory data called S-modules of finite height also known as Kisin modules.
In this paper, we define a notion of Kisin module with G-structure or as we call them G-Kisin modules (Definition 2.2.7), and we construct a resolution Θ : X . The natural generalization of the flat condition for GL n to an arbitrary group G is minuscule p-adic Hodge type µ (recall that the Galois representation attached to a p-divisible group has Hodge-Tate weights either in {0, 1} or {0, −1} depending on the convention). Our main theorem is a generalization of the main result of [20] on the geometry of X cris,μ η for G reductive and µ minuscule: Theorem 4.3.1. Assume p ∤ π 1 (G der ) where G der is the derived subgroup of G. Let µ be a minuscule geometric cocharacter of Res (K⊗ Qp F )/F G F . Then X cris,µ η is normal and X cris,µ η ⊗ Λ [µ] F [µ] is reduced where Λ [µ] is the ring of integers of the reflex field of µ.
When G = GSp 2g , this is a result of Broshi [5] ; also, this is a stronger result than in [23] where we made a more restrictive hypothesis on µ (see 1.1.1). The significance of Theorem 4.3.1 is that it allows one to identify the connected components of Spec R cris,µ η [1/p] with the connected components of the fiber in X cris,µ η over the closed point of Spec R cris,µ η , a projective scheme over F [µ] (see Corollary 4.3.2) . This identification led to the successful determination of the connected components of Spec R cris,µ η [1/p] in the case when G = GL 2 ([20, 13, 17, 18, 16] ). Outside of GL 2 , relatively little is known about the connected components of these deformations rings without restricting the ramification in K.
When K/Q p is unramified, we have a stronger result:
Corollary 4.3.4. Assume K/Q p is unramified, p > 3, and p ∤ π 1 (G ad ). Then the universal crystalline deformation ring R cris,µ η is formally smooth over Λ [µ] . In particular, Spec R cris,µ η [1/p] is connected.
Remark 1.1.1. In [23] , we made the assumption on the cocharacter µ that there exists a representation ρ : G → GL(V ) such that ρ • µ is minuscule. This extra hypothesis on µ excluded most adjoint groups like PGL n as well as exceptional types like E 6 and E 7 both of which have minuscule cocharacters. One can weaken the assumptions in Corollary 4.3.4 if one assumes this stronger condition on µ.
There are two main ingredients in the proof of Theorem 4.3.1 and its applications, one coming from integral p-adic Hodge theory and the other from local models of Shimura varieties. In Kisin's original construction, a key input was an advance in integral p-adic Hodge theory, building on work of Breuil, which allows one to describe finite flat group schemes over O K in terms of certain linear algebra objects called Kisin modules of height in [0, 1] ( [20, 21] ). More precisely, then, X cris,µ η is a moduli space of G-Kisin modules with "type" µ. Intuitively, one can imagine X cris,µ η as a moduli of finite flat models with additional structure. The proof of Theorem 4.3.1 uses a recent advance of Liu [26] in integral padic Hodge theory to overcome a difficulty in identifying the local structure of X cris,µ η . Heuristically, the difficulty arises because for a general group G one cannot work only in the setting of Kisin modules of height in [0, 1] where one has a nice equivalence of categories between finite flat group schemes and the category of Kisin modules with height in [0, 1] . Beyond the height in [0, 1] situation, the Kisin module only remembers the Galois action of the subgroup Γ ∞ ⊂ Γ K which fixes the field K(π 1/p , π 1/p 2 , . . .) for some compatible system of p-power roots of uniformizer π of K.
Liu [26] introduced a more complicated linear algebra structure on a Kisin module, called a (ϕ, G)-module, which captures the action of the full Galois group Γ K . We call them (ϕ, Γ)-modules to avoid confusion with the group G. Let A be a finite local Λ-algebra which is either Artinian or flat. Our principal result (Theorem 4.2.6) says roughly that if ρ : Γ ∞ → G(A) has "type" µ, i.e., comes from a G-Kisin module (P A , φ A ) over A of type µ with µ minuscule, then there exists a canonical extension ρ : Γ K → G(A) and furthermore if A is flat over Z p then ρ[1/p] is crystalline. This is rough in the sense that what we actually prove is an isomorphism of certain deformation functors. As a consequence, we get that the local structure of X cris,µ η at a point (P F ′ , φ F ′ ) ∈ X cris,µ η (F ′ ) is smoothly equivalent to the deformation groupoid D µ P F ′ of P F ′ with type µ. To prove Theorem 4.3.1, one studies the geometry of D µ P F ′ . Here, the key input comes from the theory of local models of Shimura varieties. A local model is a projective scheme X over the ring of integers of a p-adic field F such that X is supposed toétale-locally model the integral structure of a Shimura variety. Classically, local models were built out of moduli spaces of linear algebra structures. Rapoport and Zink [33] formalized the theory of local models for Shimura varieties of PEL-type. Subsequent refinements of these local models were studied mostly on a case by case basis by Faltings, Görtz, Haines, Pappas, and Rapoport, among others.
Pappas and Zhu [32] define for any triple (G, P, µ), where G is a reductive group over F (which splits over a tame extension), P is a parahoric subgroup, and µ is any cocharacter of G, a local model M (µ) over the ring of integers of the reflex field of µ. Their construction, unlike previous constructions, is purely group-theoretic, i.e. it does not rely on any particular representation of G. They build their local models inside degenerations of affine Grassmanians extending constructions of Beilinson, Drinfeld, Gaitsgory, and Zhu to mixed characteristic. The geometric fact we will use is that M (µ) is normal with special fiber reduced ([32, Theorem 0.1]).
The significance of local models in this paper is that the singularities of X cris,µ η are smoothly equivalent to those of a local model M (µ) for the Weil-restricted group Res (K⊗ Qp F )/F G F . This equivalence comes from a diagram of formally smooth morphisms (3.3.8.1):
(1.1.
which generalizes constructions from [20, 2.2.11] and [31, §3] . The deformation functor D µ Q F is represented by the completed local ring at an F-point of M (µ). Intuitively, the above modification corresponds to adding a trivialization to the GKisin module and then taking the "image of Frobenius." We construct the diagram (1.1.1.1) in §3 with no assumptions on the cocharacter µ (to be precise D µ P F is deformations of type ≤ µ in general). It is intriguing to wonder whether D µ P F and diagram (1.1.1.1) has any relevance to studying higher weight Galois deformation rings, i.e., when µ is not minuscule.
As a remark, we usually cannot apply [32] directly since the group Res (K⊗ Qp F )/F G will generally not split over a tame extension. In [23] , we develop a theory of local models following Pappas and Zhu's approach but adapted to these Weil-restricted groups (for maximal special parahoric level). These results are reviewed in §3.2 and will be studied in more generality in forthcoming work [24] .
We now a give brief outline of the article. In §2, we define and develop the theory of G-Kisin modules and construct resolutions of semi-stable and crystalline G-valued deformation rings (2.3.3, 2.3.8) . This closely follows the approach of [22] . The proof that "semi-stable implies finite height" (Theorem 2.3.12) requires an extra argument not present in the GL n -case (Lemma 2.3.5). In §3, we study the relationship between deformations of G-Kisin modules and local models. We construct the big diagram (Theorem 3.3.1) and then impose the µ-type condition to arrive at the diagram (3.3.8.1). We also give an initial description of the local structure of X cris,µ η in Corollary 3.3.14. §4.1 develops the theory of (ϕ, Γ)-modules with G-structure, and §4.2 is devoted to the proof of our key result (Theorem 4.2.6) in integral p-adic Hodge theory. In the last section §4.3, we prove Theorem 4.3.1 and Corollary 4.3.4 which follow relatively formally from the results of §3.3 and §4.2.
1.2.
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1.3. Notations and conventions. We take F to be our coefficient field, a finite extension of Q p . Let Λ be the ring of integers of F with residue field F. G will be reductive group scheme over Λ with connected fibers. We let f Rep Λ (G) denote the category of representations of G on finite free Λ-modules. V will always denote a fixed faithful representation of G, i.e., V ∈ f Rep Λ (G) such that G → GL(V ) is a closed immersion. G der will denote the derived subgroup of G and G ad its adjoint quotient.
All G-bundles will be with respect to the fppf topology. We will use E 0 to denote the trivial G-bundle. For any G-bundle P on a Λ-scheme X and any W ∈ f Rep Λ (G), P (W ) will denote the pushout of P with respect to W (see discussion before Theorem 2.1.1). Let F be an algebraic closure of F . For an algebraic group H/F , X * (H) will denote the geometric cocharacters, i.e., Hom(G m , H F ). For µ ∈ X * (H), [µ] will denote its conjugacy class and F [µ] will be the reflex field of [µ] .
Let K be a p-adic field with rings of integers O K and residue field k. Denote its absolute Galois group by Γ K . We furthermore take W := W (k) and
We fix a uniformizer π of K and let E(u) the minimal polynomial of π over K 0 . If Γ is a pro-finite group and B is a finite Λ-algebra, then f Rep B (Γ) will be the category of continuous representations of Γ on finite projective B-modules where B is given the p-adic topology. More generally, GRep B (Γ) will denote the category of pairs (P, η) where P is a G-bundle over Spec B and η : Γ → Aut G (P ) is a continuous homomorphism.
Our convention will be to work with covariant p-adic Hodge theory functors so we take the p-adic cyclotomic character to have Hodge-Tate weight −1.
Kisin modules with G-structure
In this section, we construct resolutions of Galois deformation rings by moduli spaces of Kisin modules (i.e. S-modules) with G-structure. For GL n , this technique was introduced in [20] to study flat deformation rings. In [22] , the same technique is used to construct potentially semi-stable deformation rings for GL n . Here we develop a theory of G-Kisin modules (Definition 2.2.7). In particular, in §2.4, we show the existence of a universal G-Kisin module over these deformation rings (Theorem 2.4.2) and relate the filtration defined by a G-Kisin module to p-adic Hodge type. One can construct G-valued semistable and crystalline deformation rings with fixed p-adic Hodge type without G-Kisin modules [1] . However, the existence of a resolution by a moduli space of Kisin modules allows for finer analysis of the deformation rings as is carried out in §4.
2.1. Background on G-bundles. All bundles will be for the fppf topology. For any G-bundle P on a Λ-scheme X and any W ∈ f Rep Λ (G), define
to be the pushout of P with respect to W . This is a vector bundle on X. This defines a functor from f Rep Λ (G) to the category Vec X of vector bundles on X.
Theorem 2.1.1. Let G be a flat affine group scheme of finite type over Spec Λ with connected fibers. Let X be an Λ-scheme. The functor P → {P (W )} from the category of G-bundles on X to the category of fiber functors (i.e., faithful exact tensor functors) from f Rep Λ (G) to Vec X is an equivalence of categories. We will also need the following gluing lemma for G-bundles:
Lemma 2.1.2. Let B be any Λ-algebra. Let f ∈ B be a non-zero divisor and G be a flat affine group scheme of finite type over Λ. The category of triples (P f , P , α), where P f ∈ GBun(Spec B f ), P ∈ GBun(Spec B), and α is an isomorphism between P f and P over Spec B f , is equivalent to the category of G-bundles on B.
Proof. This is a generalization of the Let i : H ⊂ G be a flat closed Λ-subgroup. We are interested in the "fibers" of the pushout map i * : HBun → GBun carrying an H-bundle Y to the G-bundle Y × H G. Let Q be a G-bundle on a Λ-scheme S. For any S-scheme X, define Fib Q (X) to be the category of pairs (P, α), where P ∈ HBun(X) and α : i * (P ) ∼ = Q X is an isomorphism in GBun(X).
Proposition 2.1.3. The category of Fib Q (X) has no non-trivial automorphisms for any S-schemes X. Furthermore, the underlying functor |Fib Q | is represented by the pushout Q × G G/H. In particular, if G/H is affine (resp. quasi-affine) over S then |Fib Q | is affine (resp. quasi-affine) over X.
Proof. See [39, Proposition 9] When B is Z p -finite and Artinian, the functor T B defined by
induces an equivalence of categories betweenétale (O E,B , ϕ)-modules (which are O E,B -projective) and the category of representations of Γ ∞ on finite projective B-modules (see [20, Lemma 1.2 
.7]). A quasi-inverse is given by
This equivalence extends to algebras which are finite flat over Z p .
Definition 2.2.3. For any profinite group Γ and any Λ-algebra B, define GRep B (Γ) to be the category of pairs (P, η) where P is a G-bundle over Spec B and η : Γ → Aut G (P ) is a continuous homomorphism (where B is given the p-adic topology).
In the G-setting, GRep B (Γ) will play the role of representation of Γ on finite projective B-modules. We have the following generalization of T B : Proposition 2.2.4. Let B be any Λ-algebra which is Z p -finite and either Artinian or Z p -flat. There exists an equivalence of categories
with a quasi-inverse M G,B . Furthermore, for any finite map B → B ′ and any
Proof. Using Theorem 2. 
to be the functor which assigns to any W ∈ f Rep Λ (G) the Γ ∞ -representation T B (P (W ), φ P (W ) ). This is an object of GRep B (Γ ∞ ) because T B is a tensor exact functor (see [5, 3.4 In order to reduce to the effective case (height in [0, h]), it is often useful to "twist" by tensoring with S B (1). For any M B ∈ Mod ϕ,bh SB and any n ∈ Z, define M B (n) by n-fold tensor product with S B (1) (negative n being tensoring with the dual). It is not hard to see that if
Definition 2.2.7. Let B be any Λ-algebra. A G-Kisin module over B is a pair (P B , φ PB ) where P B is a G-bundle on S B and φ PB : ϕ 
This induces a functor
for any Λ-algebra B.
Definition 2.2.8. Let B be any Λ-algebra and let P B ∈ GMod ϕ OE,B . A G-Kisin lattice of P B is a pair (P B , α) where P B ∈ GMod ϕ,bh SB and α : Υ G (P B ) ∼ = P B is an isomorphism.
From the Tannakian perspective, a G-Kisin lattice of P is equivalent to Kisin lattices M W in P (W ) for each W ∈ f Rep Λ (G) functorial in W and compatible with tensor products. Furthermore, we have the following which says that the bounded height condition can be checked on a single faithful representation. Proposition 2.2.9. Let P B ∈ GMod ϕ OE,B . A G-Kisin lattice of P B is equivalent to an extension P B of the bundle P B to Spec S B such that for a single faithful
is a Kisin lattice of bounded height.
Proof. The only claim which is does not follow from unwinding definitions is that if we have an extension P B such that Since 
We end this section with an important full faithfulness result: Proposition 2.2.11. Assume B is finite flat over Λ. Then the natural extension map
is fully faithful.
Proof. This follows from full faithfulness of Υ GL n for all n ≥ 1 by considering a faithful representation of G. When B = Z p , this is [4, 11.2.7] . One can reduce to this case by forgetting coefficients since any finitely generated projective S Bmodule is finite free over S.
2.3.
Resolutions of G-valued deformations rings. Fix a faithful representation V of G over Λ and integers a, b with a ≤ b. We will use V and a, b to impose finiteness conditions on our moduli space. Definition 2.3.1. Let B be any Λ-algebra. We say a G-Kisin lattice
For any finite local Artinian Λ-algebra A and any (P A , φ PA ) ∈ GMod Consider the following diagram
where the vertical arrows are localization at u and the top horizontal arrow is uadic completion. The Beauville-Laszlo gluing lemma (2. 
MA .
The subset X 
Assume that P η1 is a trivial G-bundle and thus all P ηn are trivial. There exists a projective R-scheme
′ is reductive, the affine Grassmanian Gr G ′ is ind-projective ( [23, Theorem 3.3.11] ). In particular, any ample line bundle on Gr G ′ will restrict to a compatible system of ample line bundles on
By formal GAGA (EGA III 1 5.4.5), there exists a projective R-scheme X We record for reference the following compatibility with base change: Proposition 2.3.4. Let f : R → S be a local map of complete local Noetherian Λ-algebras with finite residue fields of characteristic p. Let η S be the induced map
which makes the following diagram Cartesian:
In particular, if R → S is surjective, then f ′ is a closed immersion.
We will now study the projective F -morphism
We show it is a closed immersion (this is essentially a consequence of 2. . These are generalizations of results from [22] .
The following lemma will be useful at several key points:
Lemma 2.3.5 (Extension Lemma). Let G be a smooth affine group scheme over Λ. Let C be a finite flat Λ-algebra and let U be the open complement of the finite set of closed points of Spec S C .
(1) There is an equivalence of categories between G-bundles Q on U and the category of triples (P * , P, γ) where
and γ is an isomorphism of their restrictions to
(2) Assume G is a reductive group scheme with connected fibers. Let V be a faithful representation of G over Λ. If Q be a G-bundle on U such that the locally free coherent sheaf Q(V ) on U extends to a projective S C -module M C , then there exists a unique (up to unique isomorphism) G-bundle Q over Spec S C such that Q| U ∼ = Q and Q(V ) = M C .
Proof. First note that we can write U as the union of Spec
, we can apply the gluing lemma (2.1.2) to P and
The G-bundles P * and Q ′ glue to give bundle Q over U . Each step in the construction is a categorical equivalence.
For part (2) , consider the functor |Fib MC | which by Lemma 2.1.3 and [23, Theorem C.2.5] is represented by an affine scheme
A S C -point of Fib MC is exactly a bundle Q extending Q and mapping to M C .
A similar argument, using that the Isom-scheme between G-bundles is representable by an affine scheme, shows that if an extension exists it is unique up to unique isomorphism (without any reductivity hypotheses).
Let B be any finite local F -algebra with residue field F ′ . Define B 0 to be the subring of elements which map to O F ′ modulo the maximal ideal of B. Let Int B denote the set of finitely generated
Definition 2.3.6. A continuous homomorphism η : Γ ∞ → G(B) has bounded height if there exists a C ∈ Int B and g ∈ G(B) such that (1) η Lemma 2.3.7. Let B be a finite local Q p -algebra and choose C ∈ Int B and M C ∈ Mod ϕ,ét
Proof. This is the main content in the proof of part (2) of Proposition 1.6.4 in [22] . If F ′ is the residue field of B, then one first constructs a Kisin lattice
′ is required to insure that the lift is φ-stable).
Proof. The map Θ is injective on C-points for any finite flat Λ-algebra C by Proposition 2.2.11. The proof of the first assertion is then the same as in [22, Proposition 1.6.4] .
For the second assertion, say
Now, let x : R → B be a homomorphism such that η B := η ⊗ R,x B has height in [a, b] as a G-valued representations. Any homomorphism R → B factors through some C ∈ Int B so that η B has image in G(C); call this map η C . We claim that there exist some
Enlarging C if necessary, we assume both η C and η ′ are valued in G(C). Let P η := M G,C (η) and
. By Lemma 2.3.5(1), P η ′ and Q C glue to give a bundle Q C over the complement of the closed points of Spec S C . We would like to apply Lemma 2.3.5 (2) .
C is the unique Kisin lattice in P η ′ (V ). This shows that Q C (V ) extends across the closed points so we can apply Lemma 2.3.5 (2) to construct a G-Kisin lattice of P ηC . Now, assume that η is the restriction to Γ ∞ of a continuous representation of Γ K which we continue to call η. Recall the definition of semi-stable for a G-valued representation:
Note that because the semi-stable and crystalline conditions are stable under tensor products and subquotients, it suffices to check these conditions on a single faithful representation of G F .
Remark 2.3.10. Since we are working with covariant functors, our convention will be that the cyclotomic character has Hodge-Tate weight −1. This is unfortunately opposite the convention in [22] . Since the semi-stable and crystalline properties can be checked on a single faithful representation, the quotients R Proof. By Lemma 2.3.7, there exists C ∈ Int B such that η x factors through GL(V C ), hence G(C), and that M C := P ηx (V ) admits a Kisin lattice M C with height in [a, b] . It suffices by 2.2.9 to extend the bundle P ηx to Spec S C such that P ηx (V ) = M C .
We will apply Lemma 2.3.5. Consider a candidate fiber functor F ηx for P ηx which assigns to any W ∈ f Rep Λ (G) the unique Kisin lattice of bounded height in M W ⊂ P ηx (W ) = M W (as an O E -module not as an O E,C ′ -module). Such a lattice exists since η x (W ) is semi-stable. The difficulties are that M W may not be O E,C ′ -projective and that it is not obvious whether F ηx is exact. It can happen that a non-exact sequence of S-module can map under T S to an exact sequence of Γ ∞ -representations (see [28, Example 2.5.6]).
Let
Exactness on the right follows from [23, Lemma 4.2.22] on the behavior of exactness for sequences of S-modules. Thus, F ηx ⊗ SC S B defines a bundle P B over S B . Clearly, P B ⊗ SB O E,B ∼ = P ηx ⊗ OE,C O E,B . By Lemma 2.3.5(1), we get a bundle Q over U such that Q(W ) = M W | U . Since M V is a projective S C -module by our choice of C, Q extends to a bundle Q over S C by Lemma 2.3.5(2).
2.4.
Universal G-Kisin module and filtrations. For this section, we make a small change in notation. Let R 0 be a complete local Noetherian Λ-algebra with finite residue field and let
Define S R0 to be the m R0 -adic completion of S ⊗ Zp R 0 . The Frobenius on S ⊗ Zp R 0 extends to a Frobenius on S R0 .
0,η . For any finite Falgebra B and any homomorphism x : R 0 → B, there is a unique G-Kisin lattice in
In the following theorem, we construct a universal G-bundle over S R0 [1/p] with a Frobenius which specializes to (P x , φ x ) at every x.
along the map R 0 → S R0 has the property that
Furthermore, Y is a proper S R0 -scheme. Over each Y n , we have a universal G-Kisin lattice (P n , φ n ) with height in [a, b] . By [23, Corollary 2.3.5], there exists a G-bundle P η on Y such that P η mod m n R0 = P n . We would like to construct a Frobenius φ over Y [1/E(u)] which reduces to φ n modulo m n R for each n ≥ 1.
, P η ) be the affine finite type Y -scheme of G-bundle isomorphisms. The compatible system {φ n } lifts to an element
We would like to descend φ to a Y [1/E(u)]-point of Isom G . Let i : G ֒→ GL(V ) be our chosen faithful representation. Consider the closed immersion
Applying this with We now discuss the notion of p-adic Hodge type for G-valued representation and relate this to a filtration associated to a G-Kisin module.
Let B be any finite F -algebra. For any representation of Γ K on a finite free Associated to any cocharacter ν : G m → H κ ′ is a tensor exact functor from Rep κ (H) to graded κ ′ -vector spaces which assigns to each representation W the vector space W κ ′ with its weight grading defined by the G m -action through ν. Call this ω ν . Definition 2.4.4. For any H-filtration F over κ ′ , a splitting of F is an isomorphism between the gr(F ) and ω ν for some ν :
By [9, Theorem 4.2.13], all H-filtrations over κ ′ are splittable. For any given F , the cocharacters ν for which there exists an isomorphism gr(F ) ∼ = ω ν lie in the common H(κ ′ )-conjugacy class. If κ ′ is a finite extension of κ contained in κ, then the type [ν F ] of the filtration F is the geometric conjugacy class of ν for any splitting ω ν over κ ′ . For any conjugacy class [ν] of geometric cocharacters of H, there is a smallest field of definition contained in a chosen separable closure of κ called the reflex field of [ν]. We denote this by κ [ν] .
Let G be as before so that G F is a (connected) reductive group over F , and let η : Γ K → G(B) be a continuous representation which is de Rham. Then, D dR defines a tensor exact functor from Rep
Fix a geometric cocharacter µ ∈ X * ((Res (K⊗ Qp F )/F G) F ) and denote its conjugacy class by [µ] . The cocharacter µ is equivalent to a set (µ ψ ) ψ:K→F of cocharacters
Let Λ [µ] denote the ring of integers of F [µ] . For any µ in the conjugacy class [µ], let G m act on V ⊗ Λ F through µ and take a and b be the minimal and maximal weights respectively of this action. such that for any finite extension 
Deformations of G-Kisin modules
In this section, we study the local structure of the "moduli space" of G-Kisin modules. This generalizes results of [20] and [31] . G-Kisin modules may have non-trivial automorphisms and so it is more natural as was done in [20, §2.2] to work with groupoids. The goal of the section is to smoothly relate the deformation theory of a G-Kisin module to the local structure of a local model for the group
Intuitively, the smooth modication (chain of formally smooth morphisms) corresponds to adding a trivialization to the G-Kisin module and then taking the "image of Frobenius" similar to Proposition 2.2.11 of [20] . The target of the modification is a deformation functor for the moduli space Gr
. In this section, there are no conditions on the cocharacter µ. We will impose conditions on µ only in the next section when we study the analogue of flat deformation spaces. Morphisms are local Λ-algebra maps. Recall that fiber products in the category C Λ exist and are represented by completed tensor products. A groupoid over C Λ (or C Λ ) will be in the sense of Definition A.2.2 of [20] ; this is also known as a category cofibered in groupoids over C Λ (or C Λ ). Recall also the notion of a 2-fiber product of groupoids from (A.4) in [20] . See Appendix §10 of [19] for more details related to groupoids.
Choose a bounded height G-Kisin
to be the deformation groupoid of P F as a G-Kisin module of bounded
⊂ D P F are relatively representable closed immersions so intuitively D P F is an ind-object built out of the finite height pieces.
Let E 0 denote the trivial G-bundle over Λ. Throughout we will be choosing various trivializations of the G-bundle P F and other related bundles. This is always possible because S F is a complete semi-local ring with all residue fields finite. for some R ∈ C Λ (i.e., has a versal formal object in the sense of [37] ).
Proof. One can check the abstract Schlessinger's criterion in [37, Theorem 1.11]. However, it will be useful to have an explicit versal formal object. Fix a trivialization β F of P F mod E(u)
N for any N ≥ 1, and define
where β A lifts β F . Since G is smooth, the forgetful morphism
is formally smooth for any N . . Fix a trivialization β F : The details of the proof of Theorem 3.2.4 are in Chapter §10 of [23] where we follow the strategy introduced in [32] . In forthcoming work [24] , we generalize [23, §10] and [32] to groups of the form Res (K⊗ Qp F )/F G F for more general groups and arbitrary parahoric level structure. Here we recall the relevant definitions and results leaving the details to [23, 24] .
For any Λ-algebra R, set R W := R ⊗ Zp W . Our local models are constructed inside the following moduli space:
is an ind-scheme which is ind-projective over Λ. Furthermore, (1) the generic fiber Gr E(u),W G [1/p] is naturally isomorphic to the affine Grassmanian of Res (K⊗ Qp F )/F G F over the field F ; (2) if k 0 is the residue field of W , then the special fiber Gr
Proof. See §10.1 in [23] .
Let H be any reductive group over F and Gr H be the affine Grassmanian of H. 
is the closed affine Schubert variety associated to µ, then the local model M (µ) associated to µ is the flat closure of S(µ) in Gr
. It is a flat projective scheme over Λ [µ] .
The main theorem on the geometry of local models is:
For the next subsection, it will useful to recall a group which acts on Gr
for all Λ-algebras R. L +,E(u) G is represented by a group scheme which is the projective limit of the affine flat finite type group schemes
by changing the trivialization. This action is nice in the sense of [12, A.3] , i.e., Gr Proof. Since everything is flat, it suffices to show that Theorem 3.3.1. Let Λ be a Z p -finite flat local domain with residue field F. Let G be a connected reductive group over Λ and P F a G-Kisin module with coefficients in F. Fix a trivialization β F of P F as a G-bundle. There exists a diagram of groupoids over C Λ ,
where
. Both π ∞ and Ψ are formally smooth.
Later in the section, we will refine this modification by imposing appropriate conditions on both sides. Intuitively, the above modification corresponds to adding a trivialization to the G-Kisin module and then taking the "image of Frobenius." The groupoid D (∞) P F is defined at the end of §3.1 and π (∞) is formally smooth since G is smooth. Next, we construct the morphism Ψ and show that it is formally smooth. To avoid excess notation, we sometimes omit the data of the residual isomorphisms modulo m A . One can check that the everything is compatible with such isomorphisms. 
Example 3.3.3. Let G = GL(V ). For any (Q
For any (P A , φ PA , β A ) ∈ D P F (A), we set
where δ A is the composite ) and Q A/I . We want to construct a lift (P A , φ A , β A ) such that Ψ(P A , φ A , β A ) = (Q A , δ A ). Take P A = E 0 SA to be the trivial bundle and β A to be the identity. Now, pick any lift γ A : ϕ * (E 0 SA ) ∼ = Q A of γ A/I which exists since G is smooth. We can define the Frobenius by
It is easy to check that Ψ(P
We would now like to relate D Q F to Gr E(u),W G from the previous section. 
This identifies D Q F (A) with the desired subset of Gr

E(u),W G (A).
For any Z p -algebra A, let S A denote the E(u)-adic completion of (W ⊗ Zp A) [u] .
Proof. For any n ≥ 1, we have an isomorphism
since (E(u)) and u define the same adic topologies mod p n . Passing to the limit, we get an isomorphism of their p-adic completions. Both S Λ ′ and S Λ ′ are already p-adically complete and separated.
Fix a geometric cocharacter µ of Res (K⊗ Qp F )/F G F ; we can write µ = (µ ψ ) ψ:K→F where the µ ψ are cocharacters of G F . Assume that F = F [µ] so that the generalized local model M (µ) is then a closed subscheme of Gr E(u),W G over Λ (3.2.3). Recall that V is a fixed faithful representation of G. For each ψ, µ ψ induces an action of G m on V F . Define a (resp. b) to the smallest (resp. largest) weight appearing in V F over all µ ψ . There is a closed subgroupoid D
is an equivalence of closed subgroupoids. Furthermore, the map π µ :
is formally smooth.
Proof. For any
(A) to be the full subcategory whose objects
. It is not hard to see that map to the fiber product is an isomorphism and that π µ is formally smooth. It remains to show that D
and so any further base change is as well. Now, let f : A → B be such that P A ⊗ A,f B ∈ D We have constructed a diagram of formally smooth morphisms
is represented by the completed local ring at the F-point of M (µ) corresponding to (Q F , δ F ). Next, we would like to replace D (∞),µ P F by a "smaller" groupoid which is representable.
Let a, b be as in the discussion before Definition 3.3.7 and choose N > b − a. Recall the representable groupoid D 
Proof. By our assumption on N , D (N ),µ P F is representable so it suffices to define the
The image is independent of the choice of lift by Corollary 3.2.5. The map Ψ (N ),µ is formally smooth since Ψ µ is.
In the remainder of this section, we discuss the relationship between D µ P F and p-adic Hodge type µ. For this, it will useful to work in a larger category than C Λ . All of our deformation problems can be extended to the category of complete local Noetherian Λ-algebras R with finite residue field. For any such R, we define D
to be the category of deformations to R of P F ⊗ F R/m R with condition ⋆, where ⋆ is any of our various conditions. For any finite local Λ algebra Λ ′ , the category C Λ ′ is a subcategory of the category of complete local Noetherian Λ-algebras with finite residue field.
The functors D as a G-bundle P R on S R together with a Frobenius φ PR : ϕ
condition is essential in order to define the Frobenius over R. We would like to give a criterion for when (P R , φ PR ) lies in D µ P F (R).
(R). For any finite extension F
′ of F and any homomorphism x : R → F ′ , denote the base change of
with the filtration defined as in Definition 2.4.8. Proof. Any such x factors through the ring of integers Λ ′ of F ′ so that (P x , φ x ) comes from a pair (P x0 , φ x0 ) over
. By Lemma 3.3.6, we can think of (P x0 , φ x0 ) equivalently as a pair over S Λ ′ . Choose a trivialization β 0 of P x0 and set Q x0 := ϕ * (P x0 ) with trivialization 
over embeddings ψ : K → F ′ (first decompose W ⊗ Zp F ′ and then decompose E(u) in each factor). Thus, (Q x , δ x ) decomposes as a product ψ (Q . We are reduced then to a computation for a point z ψ ∈ Gr G F ′ (F ′ ). Without loss of generality, we can assume G F ′ is split. Up to translation by the positive loop group (which induces an isomorphism on filtrations), z ψ is the image [g] for some g ∈ T (F ′ ( (t) corresponds to a G-Kisin lattice P F ′ over S F ′ . the deformation problem D cris,µ x which assigns to any A ∈ C Λ⊗ Zp W (F ′ ) the set of isomorphisms classes of triples is a closed immersion which is an isomorphism modulo p-power torsion.
Proof. Without loss of generality, we can replace Λ by Λ ⊗ W (F) W (F ′ ). By construction and Proposition 2.3.4, for any A ∈ C Λ , the deformation functor it suffices to show that the "universal" lattice 
Local analysis
In this section, we analyze finer properties of crystalline G-valued deformation rings with minuscule p-adic Hodge type. The techniques in this section are inspired by [20] and [27] . We develop a theory of (ϕ, Γ)-modules with G-structure and our main result, Theorem 4.2.6, is stated in these terms. However, the idea is the following: given a G-Kisin module (P A , φ A ) over some finite Λ-algebra A, we get a representation of Γ K∞ via the functor T G,SA . In general, this representation need not extend (and certainly not in a canonical way) to a representation of the full Galois group Γ K . When G = GL n and P A has height in [0, 1] then via the equivalence between Kisin modules with height in [0, 1] and finite flat group schemes [21, Theorem 2.3.5], one has a canonical extension to Γ K which is flat. We show (at least when A is a Λ-flat domain) that the same holds for G-Kisin modules of minuscule type: there exists a canonical extension to Γ K which is crystalline. This is stated precisely in Corollary 4.2.8. We end by applying this result to identify the connected components of G-valued crystalline deformation rings with the connected components of a moduli space of G-Kisin modules (Corollary 4.3.2).
(ϕ, Γ)-modules
with G-structure. We review Liu's theory of (ϕ, G) as in [26, 7] . We will call them (ϕ, Γ)-modules to avoid confusion with the algebraic group G. The theory of (ϕ, Γ)-modules is an adaptation of the theory of (ϕ, Γ)-modules to the non-Galois extension
The Γ refers to an additional structure added to a Kisin module which captures the full action of Γ K as opposed to just the subgroup Γ ∞ . The main theorem in [26] is an equivalence of categories between (torsion-free) (ϕ, Γ)-modules and Γ K -stable lattices in semistable Q p -representations.
Let E + denote the perfection of O K /(p). There is a unique surjective map 
As before, let
where ζ p n is a primitive p n th root of unity. Denote the compositum of
There is a subring R ⊂ W ( E + ) which plays a central role in the theory of (ϕ, Γ)-modules. The definition can be found on page 5 of [26] . The relevant properties of R are: (1) R is stable by the Frobenius on W ( E + ); (2) R contains S; (3) R is stable under the action of the Galois group Γ K and Γ K acts through the quotient Γ.
For any Z p -algebra A, set R A := R ⊗ Zp A with a Frobenius induced by the Frobenius on R. Similarly, define
and
Recall that ϕ * (M A ) := S A ⊗ ϕ,SA M A and that the linearized Frobenius is a map
with semi-linear Frobenius extending the Frobenius on M A . To summarize, for any Kisin module (M A , φ A ) , we have the following diagram
as (γ ′ γ)-semilinear morphisms. A (semilinear) Γ-action on M A extends in the natural way to a (semilinear) Γ K -action on M A and on M A .
For any local Artinian
We equip W ( E) A with the product topology where W ni ( E) has a topology induced by the isomorphism W ni ( E) ∼ = E ni given by Witt components (see §4.3 of [4] for more details on the topology of E). We can similarly define a topology on W ( E + ) A using the topology on E + , and it is clear that this is the same as the subspace topology from the inclusion We often refer to the additional structure of a (ϕ, Γ)-module on a Kisin module as a Γ-structure.
of rank r. Fix a basis {f i } for M A . Let C be the matrix for φ MA with respect to {1 ⊗ ϕ f i }. Then a Γ-structure on M A is the same as a continuous map SA is tensor product of bounded height Kisin modules. The Γ-structure on the tensor product is defined via
One also defines a Γ-structure on the dual M ∨ A := Hom SA (M A , S A ) in the natural way (see discussion after Proposition 9.1.5 [23] ). Note that, unlike in other references (for example [29] ), we do not include any Tate twist in our definition of duals.
We will now relate these (ϕ, Γ)-modules to Γ K -representations. For this, we require that A be Z p -finite and either Z p -flat or Artinian. Define a functor T A from Mod ϕ,bh, Γ SA to Galois representations by
We now recall the basic facts we will need about T A :
Proposition 4.1.4. Let A be Z p -finite and either Z p -flat or Artinian.
Furthermore, θ A is functorial with respect to morphisms in Mod
(2) T A is an exact tensor functor from Mod ϕ,bh, Γ SA to Rep A (Γ K ) which is compatible with duals.
Proof. See Propositions 9.1.6 and 9.1.7 [23] .
We are now ready to add G-structure to (ϕ, Γ)-modules. Let G be a connected reductive group over a Z p -finite and flat local domain Λ as in previous sections. ⊗ . We will refer to these as (ϕ, Γ)-modules with G-structure.
Recall the category GRep
is the forgetful functor then there is an natural isomorphism
The functor T G,A behaves well with respect to base change along finite maps A → A ′ by the same argument as in Proposition 2.2.4.
We end this section adding G-structure to the main result of [26] . For A finite flat over Λ, an element ( Proof. Using the Tannakian description of both categories, it suffices to show that T Λ ′ defines a tensor equivalence between Mod ϕ,bh, Γ S Λ ′ and semi-stable Γ K -representations on finite free Λ ′ -modules. When F = Q p and Hodge-Tate weights are positive, this is Theorem 2.3.1 in [26] . Note that [26] is using contravariant functors so that our T Λ ′ is obtained by taking duals. The restriction on Hodge-Tate weights can be removed by twisting by the cyclotomic character or equivalently S(−1) on the other side (where S(−1) is the (ϕ, Γ)-module corresponding to the p-adic cyclotomic character).
To define a quasi-inverse to T Λ ′ , let L be a semi-stable Γ K -representation on a finite free Λ ′ -module. Forgetting the coefficients, [26] constructs a Γ-structure T −1 (L) on the unique Kisin lattice in M (L). This (ϕ, Γ)-module over Z p has an action of Λ ′ by functoriality of the construction. By an argument as in [22, Proposition 1.6.4(2)], the resulting S Λ ′ -module is projective and so this defines an object of Mod
Finally, we appeal to Proposition I.4.4.2 in [38] to conclude that T Λ ′ and T −1 Λ ′ give a tensor equivalence of categories given that T Λ ′ respects tensor products (Proposition 4.1.4).
4.2.
Faithfulness and existence result. Fix an element τ in Γ such that τ (π) = ε ·π where ε is a compatible system of primitive p n th roots of unity. If p = 2, then τ is a topological generator for Γ p ∞ := Gal(K ∞,p ∞ /K p ∞ ). If p = 2, then some power of τ will generate Γ p ∞ . In both cases, τ together with Γ ∞ topologically generate Γ (see [26, §4.1] ). Given condition (4) in Definition 4.1.2 the Γ-action is determined by the action of τ .
Recall the element t ∈ W ( E + ) which is the period for S(1) in the sense the ϕ(t) = c −1 0 E(u)t. We will need a few structural results about W ( E + ).
Lemma 4.2.1. For any γ ∈ Γ K , we have the following divisibilities in W ( E + ) :
Proof. See [23, Lemma 9.3.1].
The (ϕ, Γ)-modules which give rise to crystalline representations satisfy an extra divisibility condition on the action of τ , i.e., [14, Cor. 4.10] and [23, Prop. 9.3.4] . We call this the crystalline condition. 
Proof. This is an easy calculation using that Γ is topologically generated by Γ ∞ and τ ([23, Proposition 9.3.3]).
Definition 4.2.4. We say an object Proof. It suffices to show that if T A ( P A (W )) is a lattice in a crystalline representation then P A (W ) satisfies the crystalline condition. This only depends on the underlying (ϕ, Γ)-module so we can take A = Z p . When p > 2, this is proven in Corollary 4.10 in [14] . The argument for p = 2 is essentially the same and was omitted only because in [14] they need further divisibilities on (τ − 1)
n for which p = 2 becomes more complicated. Details can be found in [23, Proposition 9.3.4] .
Choose an crystalline object P F ∈ GMod ϕ,[a,b], Γ S F . If P F is the underlying G-Kisin module of P F , then we would like to study the forgetful functor
More specifically, if µ and a, b are as in the discussion before Definition 3.3.7 and
We can now state our main theorem:
Theorem 4.2.6. Assume that p does not divide π 1 (G der ) where G der is the derived group of G and that F = F [µ] . If µ is a minuscule geometric cocharacter of
is an equivalence of groupoids over C Λ . 
) be φ PA with respect to the trivialization ϕ * (β A ). Then a crystalline Γ-structure on P A is the same as a continuous map
satisfying the following properties:
Proof. Everything is straightforward. The only remark to make is that because u ∈ I + ( R), (u p ϕ(t)) ⊂ I + ( R) A . Hence, the crystalline condition which is equivalent to condition (c) implies condition (5) from Definition 4.1.2.
Before we begin the proof of Theorem 4.2.6, we have two important lemmas. 
where ϕ(C) ∈ G(W ( E) A ) is the Frobenius with respect to 1 ⊗ ϕ β A .
Proof. Let O G denote the coordinate ring of G and let I e be the ideal defining the identity so that O G /I e = Λ and I e /I 2 e
] be the automorphism induced by conjugation by C. The key observation is that
By successive approximation, one is reduced to studying the induced automorphism on ⊕ j≥0 (I 
from which one deduces (4.2).
which is a priori only in W ( E) A . But since for any 
has at most logarithmic poles along E(u), i.e., lies in E(u)
Proof. Choose an embedding σ :
Without loss of generality, we assume that σ(E(u)) splits in F ′ and write σ(E(u))
We can furthermore compute the "pole" at ψ i (π) by working in the completion at u − ψ i (π) which is isomorphic to F ′ [[t]] with t = u − ψ i (π). Let µ ψi ∈ X * (G) be the ψ 1 -component of µ G F ′ . Fix a maximal torus T of G F ′ such that µ ψi factors through T . The Cartan decomposition for G(F ′ ((t))) combined with the assumption that D P F ′ has type µ implies that
. Finally, we compute that
. Using a faithful representation on which T acts diagonally, we have
Proof of Theorem 4.2.6. The faithfulness of ∆ µ is clear. For fullness, let P A , P ′ A ∈ D cris,µ P F (A) and let ψ : P A ∼ = P ′ A be an isomorphism of underlying G-Kisin modules. To show ψ is equivariant for the Γ-actions, we can identify P A and P ′ A using ψ and choose a trivialization of P A . Then, it suffices to show that (P A , φ PA ) has at most one crystalline Γ-structure. Let B τ and B 
But then by Lemma 4.2.11,
We next attempt to construct a crystalline Γ-structure on any P A ∈ D µ P F (A). Along the way, we will have to impose certain closed conditions on D µ P F to make our construction work. In the end, we will reduce to A flat over Z p to show that these conditions are always satisfied. Fix a trivialization β A of P A . We want elements {B γ } ∈ G( R A ) for all γ ∈ Γ satisfying the conditions from Proposition 4.2.10. Choose an element γ ∈ Γ. Let C denote the Frobenius with respect to β A and let C ′ = ϕ(C) be the Frobenius with respect to 1 ⊗ ϕ β A . We use the topology on G(W ( E) A ) induced from the topology on W ( E) A (see the discussion before Definition4.1.2). Take B 0 = I. For all i ≥ 1, define (4.2.12.1)
If P A admits a Γ-structure, then the
It would suffice then to show that uϕ(t)E(u)
where we replace u by u 1 for C ′′ ∈ Mat n (S A ) and u by u 2 for
be the (i, j)th entry where c ij k (u 1 ) is a power series in u 1 with coefficients in W ⊗ Zp A. We have that
is the sequence of p n -th roots of unity such that γ(π [10, Proposition 5.1.3]) and ϕ(t) is a generator for this ideal. Then,
ℓ from which we deduce that
where the expression on the right is exactly
for all i, j and 1 ≤ ℓ ≤ r − 1. This is a closed condition on D
We have
As C = ϕ(C ′ ), we can apply Lemma 4.2.11 to conclude that
It is easy to see that for any γ, γ ′ , B γ γ ′ (B γ ) = B γγ ′ by continuity so we have a Γ-action. If γ ∈ Γ ∞ , then γ has trivial action on S A and so on C as well so B γ = I.
Let (⋆ 2 ) denote the condition that B γ ∈ G( R A ) for all γ ∈ Γ. We claim this is also a closed condition on D
is exact for any A. Any flat module over an Artinian ring is free so vanishing of an element f ∈ (W ( E + )/ R) ⊗ Zp A is a closed condition on Spec A. We have shown that any element P A ∈ D 
ℓ! since we are in the torsion-free setting). We can check that E(u) r−ℓ | Q ℓ (u) working over F ′ = Λ ′ [1/p] or any finite extension thereof. In particular, we can put ourselves in the situation of Lemma 4.2.12. We compute then that
du m , it suffices to show that
for all k ≥ 0 (applied with k = ℓ − m). The case k = 0 is trivial. By Lemma 4.2.12, 
The sequence {N i } converges to an element of Mat n (u p S K0 ). For each N i , let N i be the induced derivation on M V over −u d du which on the chosen basis is given by N i . Equation (4.2.12.2) is equivalent to (4.2.12.3)
for all x ∈ M V . Equation (4.2.12.3) implies that
By induction on i, one deduces that B i is exactly the γ-semilinear morphism induced by the matrix B i defined in (4.2.12.1). If N MV is the limit of the N i and B γ is the γ-semilinear morphism induced by B γ , then we have the following formula
for all x ∈ M V . Looking at the action on the chosen basis for M V , we deduce that is non-empty), it has an F ′ -point for some finite extension F ′ /F . Any such point gives rise to a crystalline lift ρ of x to O F ′ such that the unique Kisin lattice in M G,O F ′ (ρ) reduces to P F ⊗ F F ′ . Replace F ′ by F. Then by Proposition 4.2.5, the corresponding G(O F ′ )-valued representation is isomorphic to T G,O F ′ ( P O F ′ ) for some crystalline (ϕ, Γ)-module with G-structure. Reducing modulo the maximal ideal, we obtain a crystalline Γ-structure P F on P F . By Proposition 4.2.14, this is the unique such structure.
Recall the deformation problem D cris,µ x from Corollary 3.3.14. Similarly, define D given by forgetting the Γ-structure. By Proposition 4.2.14, this morphism is faithful, hence a closed immersion by considering tangent spaces.
We claim that D Proof. First, replace Λ by Λ [µ] . Without loss of generality, we can assume that F contains all embeddings of K since this arranged by a finiteétale base change. When K/Q p is unramified, Gr Since B is Artinian, without loss of generality we can assume it is local ring. Choose a trivialization of P B . There exists g ∈ G(O E,B ) such that P ′ B = g.P B (working inside the affine Grassmanian as in Theorem 2.3.2). The results above implies that Ad(g) ∈ G ad (S A ). By assumption, Z := ker(G → G ad ) isétale so after possibly extending the residue field F we can lift Ad(g) to an element g ∈ G(S A ) so that g = gz where z ∈ Z(O E,A ). We want to show that z ∈ Z(S A ). We can write Z as a product Z tors × (G m ) s for some s ≥ 0. Since Z tors has order prime to p, Z tors (O E,A ) = Z tors (S A ) so we can assume
For any embedding ψ : W → O F , we associate to z the s-tuple λ ψ of integers of the degrees of the leading terms of each component base changed by ψ. To show that λ ψ = 0 we can work over A/m A = F. We think of λ ψ as a cocharacter of Z. Consider the quotient of G by its derived group Z ′ := G/G der . The map X * (Z) → X * (Z ′ ) is injective. Any character χ of Z ′ defines a one-dimensional representation L χ of G so in particular, we can consider P B (L χ ) and P ′ B (L χ ) as Kisin lattices in P x (L χ ). Writing S F ∼ = ⊕ ψ:W →OF F[[u ψ ]], a Kisin lattice of P x (L χ ) has type (h ψ ) exactly when Φ Px (e) = (a ψ u h ψ )e for a basis element e and a ψ ∈ F. Since both P B and P ′ B have type µ, P B (L χ ) and P ′ B (L χ ) both have type h ψ := χ, µ ψ . However, a direct computation shows that P ′ B (L χ ) has type h ψ + (p − 1) χ, λ ψ . Thus, λ ψ must be zero.
We are reduced to the following general situation: X → Spec A is proper morphism which is injective on B-points for all A-finite algebras B where A is a local Artinian ring. By consideration of the one geometric fiber, X → Spec A is quasi-finite, hence finite. Thus, X = Spec A ′ . By Nakayama, it suffices to show A/m A → A ′ /(m A )A ′ is surjective so we can assume A = k is a field. Surjectivity follows from considering the two morphisms A ′ ⇒ A ′ ⊗ k A ′ which agree by injectivity of X → Spec A on A-finite points.
